Transient nonlinear analysis is proposed as a way of predicting the long-term deformation of cracked reinforced concrete and a mechanistic creep constitutive model for post-cracking tension-stiffness is presented. The effect of drying shrinkage is integrated into the predictive scheme using the thermo-hydro physics of porous media, and a simple equivalent method of analysis is discussed for the practical performance assessment of structural concrete. Careful verification of the model is carried out with respect to the creep deflection of RC beams and slabs subjected to multi-axial flexure. Three-dimensional fiber and plate & shell elements are used for the space discretization of the analysis domain.
1.Introduction
Among the many industrial materials in common use, concrete is known as one that exhibits particularly large creep deformation even under daily working stresses. As a consequence, great efforts have been expended on elucidating the time-dependent characteristics of cementitious composites (e.g. ACI committee 209, 2005) . The creep behavior of structural concrete has also been investigated, mainly in related to the design and management of pre-stressed concrete (PC). The accumulated knowledge addresses transient cable tension and its practical control particularly. In the case of slender reinforced concrete (RC) columns and thin space-shells, creep deflection results in an additional bending moment that may cause delayed buckling under axial compression. These problems generally relate to the pre-crack states, and crack-induced nonlinearities are not associated with such structural creep problems.
In contrast, some need for the understanding of post-cracking creep in structural concrete has been recognized in connection with both enhanced serviceability limit state of new structures and the maintenance of existing structures with inherent defects. Current design codes generally specify a conservative value of concrete stress limit under the service load so as to avoid large inelastic creep. This kind of provision can occasionally lead to excessive thickness in the design of underground RC structures. More rational designs will depend on our ability to specify methods for long-term behavioral prediction. Excessive time-dependent deflections have also been noted in slender members when concrete with large shrinkage is used. These experiences indicate some need for improved serviceability prediction methods after cracking. Sato et al. (1983 Sato et al. ( , 1987 Sato et al. ( , 1995 and Gilbert et al. (2002 Gilbert et al. ( , 2004 investigated the long-term deflection of RC beams/slabs and proposed computational models in consideration of drying shrinkage. Bond creep and cracked-concrete mechanics under sustained loads have also been intensely investigated with respect to concrete volume changes. Building on these original investigations, the authors aim in this paper to further enhance the modeling of post-cracking creep, which can also be linked with moisture migration analysis. Space-averaged tension-stiffness is implemented as a cracked-concrete creep model, since the space-averaging procedure has been extended to nonlinear static & dynamic analysis in the past decade. A careful experimental verification is performed so as to offer reasonable simplicity and applicability to structural analysis. compression and shear. The method of obtaining stress-strain field compatibility by assuming a 1D compressive stress flow originates from the modified compression field theory of Collins et al. (1982) . In this study, the concurrence of principal axes of stress-strain is not necessarily assumed, but the shear transfer across crack planes is explicitly taken into account based on non-orthogonal fixed crack interactions (Maekawa et al. 2003) .
Each constituent model is strain path dependent. The time-dependent concrete compression model has been verified at high strain ranges ) for creep failure analysis. As with the compression model, the tension stiffening/softening and shear transfer models must be enhanced to reflect their time-dependency. In this study, simple formulae for pre-and post-cracking tension models are adopted with respect to incremental time and strains, and these are installed together with the compressive model. As flexure is the main mode of long-term deflection, time-dependent shear transfer is not considered in this study.
Tension stiffness -bond creep and delayed cracking -
From a phenomenological viewpoint, the tensile creep of plain concrete is related to micro-crack propagation (Cornelissen and Reinhardt 1984 , Reinhardt et al. 1986 , Subramaniam et al. 2002 . The apparent reduction in tension stiffness of an RC element after first cracking can be attributed to bond creep and subsequent cracking in a new section. In order to represent these phenomena, the space-averaging scheme is used in the formulation. Overall stiffness and average strain are adopted as the main state variables rather than the running ligament of a single crack. Tension nonlinearity before and after cracking is assumed to be governed by the fracture damage rooted in cracks and is simply formulated as,
where, the stress and strain tensors (ε, σ; positive in tension) are normalized with respect to the positive-defined uni-axial compressive strength and the corresponding peak strain; E o (= 2.0) is the non-dimensional initial stiffness of the concrete solid; and (ε T , ε sh ) denote the total and free shrinkage strains, respectively. The tensile fracture parameter K T (initially equal to unity and falling with damage; positive definite) is a scalar standing for path-dependent instantaneous fracturing, timedependent tension creep and accumulated fatigue damage. Thus, the total incremental form is yielded as,
The derivative denoted by H indicates the instantaneous evolution of a tension fracture, as represented by the tension stiffness formula for RC and the tension 
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ange of crack 1 R a n g e o f c r a c k 3 where, ε cr is the crack strain defined equal to 2f t /E o and ε max is the updated maximum value of tensile strain ε in the past history. Derivative H characterizes the envelope of the tension stress-strain curve after cracking. This formula covers the tension stiffness of RC associated with bonding (α =0.4). If the element is allocated to plain concrete with a crack localized inside, this formulation also describes the tension softening or bridging stress across the fracture process zone of the concrete. In this case, the value of α depends on the fracture energy in tension and the sizes of the finite elements (Maekawa et al. 2003) .
The derivative of F indicates the rate of fracturing. For simplicity, post-cracking nonlinearity is represented by delayed cracking and local bond creep using the formulation proposed by Hisasue et al. (2005) as, where, f t is the uniaxial tensile strength. The damage rate (dK T /dt) is assumed dependent on the stress magnitude denoted by S and the updated degraded stiffness as K T .
This formulation derives from uniaxial tension creep experiments on RC members with cracks. It corresponds to wet and dry conditions under exposure to a normal climate (20°C and 60% RH on average) as shown in Fig.  2 . To identify the computational model, long specimens of approximately 3 m were used to obtain stable readings of mean tensile strain with displacement transducers. In order to avoid self-weight, the specimens were suspended on distributed springs. The mix proportion and mechanical properties at the beginning of loading are shown in Fig. 2 . Self-equilibrated stress is induced by drying and the cracking stress is apparently degraded if the initial internal stress is ignored in the analysis. The measured mean strain is a macroscopic representation of concrete creep, delayed cracking, local bond creep and volume changes dependent on moisture content.
Generally, the intrinsic free shrinkage of an infinitely small volume cannot be measured in experiments. Using concrete specimens of finite volume, only the volumetric average of local free shrinkage can be obtained. This can be attributed to the non-uniform profile of moisture in concrete. Thus, the average member shrinkage is usually estimated in structural analysis according to the surface-to-volume ratio or the member thickness. Furthermore, it is necessary to make an assumption of apparent tensile strength when considering early cracking caused by self-equilibrated tension at the member surface.
However, the latest thermo-hydro physics may point to capillary tension and disjoining pressure as the driving force for shrinkage (Maekawa, et al. 1999) . This enables us to predict the local intrinsic shrinkage strain, denoted by ε sh in Eq. 1. In this study, the direct use of local intrinsic shrinkage is proposed for structural analysis, as shown in Fig. 3 , and the efficiency of this approach will be discussed later. Solidification modeling is used to compute the micro-skeleton deformation of cement hydrate (Zhu, et al. 2004) , which is linked with the thermo-hydro dynamic modeling as stated above. This system should cover drying shrinkage, autogenous shrinkage and their combinations. Figure 2 shows the experimental and analytical mean strain evolution under sustained stress. In the analysis, the computed free shrinkage strain profile was used under assumed constant temperature and relative humidity. The analysis domain was divided into 2D finite meshes as shown in Fig. 3 . The averaged shrinkage strain under no external stresses generally matches the experimental data, although daily fluctuations in temperature and relative humidity are present. Generally, the simple computational model gives results that reflect the actual situation. However, the analytically assumed rate of deformation just after the stress increment tends to be smaller than the reality. On the contrary, the creep rate becomes excessive when the stress level is close to the yield strength of reinforcement. Thus, the overall applicability of the model to structural analyses needs to be further examined based on verification of the structural level, as discussed in the following section.
If the free shrinkage strain of concrete is measured, it is recommended to use it in direct manner for accuracy. In this case, the measured shrinkage is generally a sectional averaged value, and the non-uniform profile of local intrinsic shrinkage cannot be strictly considered, especially at the beginning of exposure to dry air.
Although the tension stiffness approach may macroscopically incorporate the local bond creep with delayed cracking of concrete, the crack spacing and width cannot be directly acquired. For these crack details, Nagataki (1983, 1987) presented a discrete crack approach to RC flexural analysis with creep modeling of local bond. This method combined with the in-plane hypothesis is greatly practical for slender members in flexure. The authors further attempt to build this time-dependency of local bond for more wide-ranging stress paths and strain fields by means of the multi-directional crack modeling as shown in Fig. 1. 
Compression creep model
For the purpose of this study, the authors make use of the elasto-plastic and fracturing model, which has been in practical use for seismic analyses. This is formulated in an elasto-plastic scheme using the damage concept in highly inelastic states, and is written as ,
where, total strain is the sum of the elastic and plastic strain components and compressive stress is related to the elastic strain and compression fracture parameter (damage indicator) denoted by K C as above. It means that the concrete nonlinearity in compression is represented by ε p and K C . The basic equations can be fully differentiated with respect to time and elasticity to form the path-integral evolutional laws as, 
The derivatives in terms of elastic strain (an indicator of microscopic stress intensity) increment indicate the instantaneous nonlinearity, and are proposed for plain concrete as,
where, the fatigue evolution rate denoted by λ can be assumed to be null in this study. The instantaneous evolution function of plasticity and damage for unconfined plain concrete was proposed by Maekawa, et al. (2003 
Time-dependent plasticity and fracturing are significant under higher stresses. Creep rupture under compression is numerically simulated as the combination of fracturing and plastic evolution accompanying the increasing elasticity. Here, we have the rate functions of plastic and damage as, Fig. 3 Effect of shrinkage strain on local and averaged stress profile.
where, κ is the plasticity rate component at lower stress states. These constitutive equations for compression were verified at the material and structural member levels (El-Kashif and Maekawa 2004) under short-term high-stress states close to failure, where κ can be assumed to be zero. This model targets the space-averaged stress-strain relation for a reference size of 20 cm. As compression softening accompanies localization, the computational model is adjusted for consistency of fracture energy and element size.
For long-term analysis, however, the component denoted by κ becomes comparatively greater than the nonlinear term represented by φ in Eq. 10. The authors added a simple linear creep rate represented by the linear viscous plasticity as,
where, C v and C lim correspond to the creep intrinsic time and the creep coefficient at the infinite time. These values can be identified through creep tests on the concrete of interest. If creep data is not available, C lim =3.0 and C v =40(day) are recommended as default values under the constant temperature and the humidity of 20°C-60%.
Experimental verification 3.1 Profile of intrinsic shrinkage
First, verification of the proposed model is carried out against the thin slab and beam experiments reported by Chong et al. (2004) . A singly reinforced concrete slab was subjected to a sustained bending moment and moisture loss. Detailed ambient conditions around the specimens were not reported for these experiments, but creep test results for the concrete are available. The mean shrinkage strain was also measured for load-free reference specimens having similar dimensions to the slab and the beam. Here, three-types of analysis were carried out. One, the most detailed analysis, is for the purpose of considering the local profile of intrinsic shrinkage strain. In the experimental series, the sectional averaged shrinkage strain was directly measured, but the local profile of free-stress shrinkage strain cannot reasonably be obtained from experiments. The local profile of intrinsic free shrinkage was computed so that the sectional averaged value of each shrinkage profile coincides with the experimentally measured value (see Fig. 4 ). The second analysis simulates the time-history of the beam deflection by assuming a uniform sectional averaged strain. In this case, the overall stresses of the constituent materials are computed properly, although the accuracy of local stress prediction is reduced. The third analysis is with the equivalently reduced tensile strength of concrete accompanying no drying shrinkage.
The tested creep coefficient at 200 days was about 1.4, and this is nearly half the default value of C lim . The authors then ran the computation with C lim =1.5 and C v =40 (days). Mindlin shell finite element was applied for space-discretization. The slab thickness was divided into 7 layers in which the intrinsic free shrinkage was set forth as shown in Fig. 4 . The one-way slab was divided into 7 shell elements with the same dimension.
It is clear that this detailed computation coincides mostly with reality. The second analysis with the uniform profile of local shrinkage strain also predicts the overall deflection flow except for the initial stage of loading. As the local tensile stress is underestimated, the simulation predicts delayed cracking. Simplified analysis with equivalently reduced tensile strength and no shrinkage captures the short-term response just after the loading, but the long-term deflection is underestimated. Thus, the effect of shrinkage on long-term deflection cannot be obtained by this simplified method. That is, this third method is solely effective as a means of short-term failure analysis.
In the same manner as for the most detailed analysis above, the flow rate of beam deflection was simulated with 9 fiber-beam elements whose sections were divided into 10x15 cells as shown in Fig. 4 . In both the beam and the slab in questions, the effects of creep and the time-dependent characteristics of the concrete on the flow of deflection are of similar magnitude.
Creep curvature under constant flexure
Experimental verification is extended to the creep curvature of RC members subjected to different levels of flexure. Mozer et al. (1970) reported on creep bending experiments as shown in Fig. 5 . The singly reinforced concrete sections were cast with deformed bars. Since the concrete creep reported in the paper was similar to that predicted by the model in section 2, no modification of the long-term plasticity coefficients was made. As sectional stiffness is non-symmetric in mechanics, uniform shrinkage may cause some warping. For accuracy, the shrinkage strain was directly considered in the analysis of creep deflection. According to the shrinkage strain reading of the reference beam without loading, values of 400 µ at 91 days, 250 µ at 30 days and 120 µ for 7 days were assumed and the same method as described in section 3.1 was applied for the profile of intrinsic shrinkage. The space discretization applied is similar to the one as shown in Fig. 4b .
In case of the low bending moment (0.38M y ; M y = yield moment) and medium bending moment (0.65M y ), the rate of change of deflection is small in nature and similar to the compression creep rate of concrete. In fact, a progressive strain increment of flexural compression was observed but a much smaller increment was seen on the tension side in both analysis and experiment. However, in the case of sustained yield moment (M y ), creep strain in both tension and compression arises. In this case, the tension creep after cracking is also substantial. A reasonable matching of analysis and experiments is shown in Fig. 5 .
To investigate the effect of shrinkage, sensitivity analysis was carried out under the assumption that there was no volumetric shrinkage at all. For a sustained moment of 0.38 M y , a 50% reduced creep deflection is shown in Fig. 5 and the compression fiber strain becomes smaller due to shrinkage, because the concrete shrinkage is immersed in growing crack widths. The tension fiber strain slightly increases. In this case, concrete shrinkage is the main driver of curvature, resulting in progressive deflection. For a sustained moment of 0.65 M y , similar behavior is seen but the effect of shrinkage is less.
When the applied load is close to the yield moment, the shrinkage effect finally becomes negligible. In particular, the fiber strain of the cracked concrete in tension greatly evolves, as shown in Fig. 5 , although shrinkage has no substantial influence. For further sensitivity analysis, tension creep after cracking was also taken out of the analysis. In this case, there was no change in deflection. The tensile deformation after yielding of the steel is provoked by the reduced flexural compression accompanying nonlinear creep.
Creep deflection subjected to uniform sustained loads
The next discussion is the long-term deflection of RC beams as investigated by Washa and Fluck (1952) . The symmetrical member sections shown in Fig. 6 were studied for verification in order to avoid warp-mode deflection caused by shrinkage. The specimens were loaded with a dead weight as well as additional concrete blocks or bricks for 2.5 years and the mid-span deflections and reinforcement strains were measured. Normal concrete made with Type I Portland cement was used. After molding, 5 days of wet curing was car- ried out with wet canvas and burlap until the side forms were removed. After form stripping, specimens were exposed to dry air and the loading tests began two weeks later. During the 2.5-year tests, loaded specimens were kept at interior ambient conditions of approximately 70-85°F temperature and 20-80% RH. Although the drying shrinkage and the basic creep characteristics of the concrete used are not well known, the immediate deflection of each beam was reported. The apparent tensile strength of structural concrete, which is generally 15-50% lower than the specimen strength due to the non-uniform profile of intrinsic drying shrinkage as discussed in section 2, can be inversely calculated to yield the same cracking load as 2.0 MPa. In these cases, the tensile specimen strength estimated from the compressive strength is 2.4 MPa. This identifies the reduction as about 20%. This seems like a reasonable value according to past experience. As the bending mode is predominant, 10 fiber-beam elements were used with 10x15 cells for the section as shown in Fig. 4b . Figure 6 shows the creep flow deflection after loading for more than 2 years. The greater part of creep took place within the first 200 days in both experiment and analysis. The computation based on standard values of long-term plasticity rate is not very far from reality. The strain evolution for the compression reinforcement was reported to be 2-4 times that of the tensile reinforcement.
Relaxation of concentrated load under sustained deflection
Force settlement under sustained displacement was investigated by Chali et al. (1969) , along with creep deflection under constant external force. In view of the relaxation of concrete creep in tension and compression, the measured settlement history obtained in this work is useful for verification. Normal concrete of W/C = 62% by weight and Type I cement was used. Deformed bars were used for the longitudinal reinforcement. A symmetric arrangement of reinforcement was selected to minimize the warping of specimens as a result of shrinkage. Specimens were kept indoors at 18-22°C and 50-65% RH. A concentrated load was applied to the beam at 13 days of age and sustained for 240 days, as shown in Fig.  7 . Since the properties of drying shrinkage and creep were not reported, standard values of creep modeling as given in section 2 were used and the apparent cracking strength was estimated to be 3.0 MPa. This is almost the same as the estimated tensile strength. A fiber model for discretiazation was used in numerical analysis. As discussed in section 3.2, the computed time-history of deflection matches the experimental results.
Next, a step-by-step relaxation path was followed as shown in Fig. 7 . Forced displacement was applied at the mid-span for 30 min and the reaction was measured with the displacement clamped. Subsequently, the settlement was measured at different displacements under cycling. Computation of the relaxing force is associated with both instantaneous stiffness and the transient flow of deformation. The computed results generally agree with the experimental values reported by Chali et al. (1969) . As this settlement has some influence on designs for statically indeterminate continuous members, British standard specifies a creep deflection coefficient of 2.0-0.8 according to the arrangement of the compressive reinforcement.
Creep deflection of RC slabs subjected to sustained out-of-plane action
Verification for the case of complex 3D structural behavior was carried out against experiments with continuous multi-span RC slabs subjected to sustained uniform loads by Guo and Gilbert (2002) . As the primary mode of deformation is bi-axial flexure, RC Mindlin shell elements were used for discretization of the analysis domain, as shown in Fig. 8 . The legs supporting the flat slab were idealized by fiber beam-column elements based on the in-plane hypothesis. Since the creep coef- ficient at each age and the free drying shrinkage strain of the slab members were available, these values are directly used as input data in this analysis. The default values of long-term plastic flow rate coefficients (section 2) were used and the profile of drying shrinkage strain was simply assumed to be uniform because the slabs were thin, at 9 or10 cm thickness. In the case of specimen S1, the computed deflection at the first stage of loading agrees fairly well with the experiment. Deflection readings at the symmetric points (#4-6-11-13, #1-2-15-16, #5-12) were reported to be almost equal within a small margin. As the multi-leg slab is statically indeterminate, a slight deviation from mechanical symmetry may cause further successive deviation. At the following stages of loading, some deviations in deflection readings at the symmetric points were reported, although they were controlled within an acceptable range in practice.
In the case of specimen S4, under a highly sustained uniform load, computed deflections are slight overestimates, but the general tendency is reasonably reproduced. Since the deviation in deflection readings at the symmetric points was comparatively larger than with specimen S1, the range of scatter is also shown around the mean value in Fig. 8 .
In order to verify the modeling under rather small load, the case S5 was selected as for experimental verification. The sustained load is the dead weight only, but the initial cracking was induced by the pre-loading. Here, the tension nonlinearity after cracking is active even though the load level is small. The initially cracked member subjected to dead weight only shows the large creep deflection and gradual increase in the reaction at the center column C5 as shown in Fig. 8 and quantitative assessment seems reasonable. The shrinkage of concrete is seen to greatly influence on the self-weight deflection. (b) Specimen S4 and the column layout As tensile modeling is a substantial part of the overall model in these cases, further sensitivity analysis was carried out for the concrete tensile strength. The results are responsive to computed deflections as shown in Fig.  9 . If the applied load is rather high (S4), the sensitivity to tensile strength becomes comparatively less. In othewords, specimen S5 is appropriate for verification of post-cracking tension stiffness modeling. To understand how influential the post-cracking tension creep model is, the computed deflections with and without post-cracking tension creep according to Eq. 4 are compared for specimen S5, as shown in Fig. 9 . When the smaller tensile strength is assumed, the effect of post-cracking tension creep becomes predominant on the structural level. However, if concrete shrinkage is ignored, the time-dependence of tension-stiffness plays a minor role. It can be said in general that the post-cracking tension creep model plays a primary role in long-term structural analysis when the tensile strength and/or reinforcement ratio is small, and the volumetric shrinkage is coupled.
Creep deflection of PRC beams subjected to sustained loads
Verification for the case of pre-stressed concrete was conducted against experiments with continuous PRC beams under sustained concentric loads by Tsuda et al. (1995) . Pre-stressed forces with different magnitudes (13.1, 21.2 and 31.3 tonf) were introduced to three RC continuous beams as shown in Fig. 10 and the average deflections at the loading points are compared to analysis results with and without post-cracking tension creep. The measured sectional averaged shrinkage strain of the reference specimen was directly used in the analysis. The long-term plasticity rate was validated by the reported creep test result of concrete as C lim =2.0 and C v =60 (day) in Eq. 11.
For the case of high pre-stressing, cracking is almost blocked out and the effect of post-cracking tension creep is hardly seen. Here, the structural creep is governed by the concrete time-dependency. The unsmooth flow rate of experimental deflection might be attributed to temperature change over the seasons, which is not taken into account in Eq. 11. In contrast, the time-dependent tension stiffness after cracking is confirmed effective for behavioral simulation of lightly pre-stressed members as shown in Fig. 10. 
Creep deflection of locally damaged member
As specimen S5 in section 3.5 is a pre-cracked member subjected solely to gravity, the pre-induced damage is rather uniform in nature. However, Toongoenthong et al. (2004) reported on the strength of pre-damaged RC members in shear as an analogy of localized corrosion cracking around the anchorage zone. The main rein- forcement layer and the web concrete were separated for the experiments by inserting a hard paper sheet. In analysis, the corrosion cracking was numerically induced in the finite elements that contain the main reinforcement. In this study, the short-term creep deflection over one-day is computed under a sustained load (25 kN). This load level is about 20% of the maximum loading capacity for the sound structural member (normal serviceability) but it is more than 50% in the case of the pre-damaged one. Figure 11 shows the time-dependent deflection at center span together with short-term failure analysis results (Toongoenthong et al. 2004) . For the case without pre-damage, the apparent creep coefficient by deflection at 100 days is about 1.0, which is similar to the beams described in sections 3.3 and 3.4. In contrast, the pre-damaged RC beam exhibits much greater creep deflection. It can be said that the time-dependent properties of materials and structures should be considered in performance simulations of members damaged by steel corrosion, ASR and volumetric shrinkage.
As shown in Fig. 11 , the overall behavior is captured by the computer model. The incremental deformation of the damaged member is primarily caused by the nonlinear tension creep, and its mode is not flexure but shear. It can be said that the proposed model may function for mechanistic simulation of flexure, shear and their combination. However, further investigation is needed to enhance applicability quantitatively.
Conclusions
In a similar manner to nonlinear dynamic analysis, a nonlinear time-dependent constitutive post-cracking model was incorporated into the direct integral scheme, and this approach was verified to be consistent with the creep deflection and stress relaxation of structural members in flexure. Experimental verification was also conducted by comparing analytical results given by the model with experimental facts. The study can be summarized as follows.
(1) The delayed cracking and creep of local bonds under sustained tension can be represented using a time-dependent tension stiffness model based on a space-averaging procedure. Transient post-cracking tension stiffness can be described by the evolved damage index to represent unloading/reloading stiffness.
(2) Volumetric shrinkage of concrete increases the curvature of an RC section after cracking, and coupling with post-cracking tension creep further accelerates the deformation and deflection. In contrast, post-cracking tension creep turns out to be minor when the drying shrinkage is small or null. (3) Time-dependent deflection can be computed with reasonable accuracy when the profile of intrinsic free shrinkage, which can be derived from a thermo-hydro simulation, is considered. Provided that a uniform profile of sectional average shrinkage is assumed, the long-term deflection is fairly well predicted although the short-term deflection is underestimated. (4) The post-cracking time-dependence has to be considered in the coupling analysis of sustained loads with pre-induced damage.
